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Ames Research Center 
SUMMARY 
The a x i a l l y  symmetric response of a c i r c u l a r  c y l i n d r i c a l  s h e l l  p a r t i a l l y  
f i l l e d  with a l i q u i d  and subjected t o  axial displacements and p res su r i za t ion  
f luc tua t ions  i s  inves t iga ted  a n a l y t i c a l l y  and experimentally. Two so lu t ions  
are presented: one, an  "exact" s e r i e s  so lu t ion  and t h e  other ,  an  approximate 
so lu t ion .  The co r re l a t ion  of t h e o r e t i c a l  and experimental results ind ica t e s  
t h a t  t h e  theory presents  a good mathematical model of t h e  physical  system and 
t h a t  t h e  approximate so lu t ion  i s  adequate f o r  many p r a c t i c a l  problems. 
IrJTRODUCTION 
The use of l i q u i d  propel lant  f o r  miss i les  and spacecraf t  launch vehic les  
introduces problems assoc ia ted  with t h e  dynamics of l i q u i d - f i l l e d  s h e l l s .  
I n i t i a l l y ,  t h e r e  were pr imari ly  con t ro l  problems r e s u l t i n g  from t h e  "propel- 
l a n t  sloshing" or motion of t h e  l i q u i d  free sur face .  Later ,  however, as t h e  
s i z e  of propel lant  tanks w a s  increased and t h e  r a t i o  of wall thickness  t o  
r ad ius  decreased, t h e  coupling of t h e  s h e l l  and l i q u i d  dynamics produced 
unexpected and undesirable  o s c i l l a t i o n s  of f l i g h t  vehic les .  I n  p a r t i c u l a r ,  
t h e  longi tudina l  o s c i l l a t i o n  r e s u l t i n g  from t h e  coupling of t h e  l i q u i d - s h e l l  
system with t h e  s h e l l  support s t r u c t u r e  and t h e  tank pressur iza t ion  system 
can inf luence t h e  success of c e r t a i n  missions and can i n t e r f e r e  with t h e  
comfort of as t ronauts  i n  manned vehic les .  
Several  papers have been published on t h e  dynamics of t h e  coupled l i q u i d -  
s h e l l  system (refs. 1-8). Most of t hese  papers are l imi t ed  t o  t h e  anaxisym- 
metric o s c i l l a t i o n s  general ly  predominant i n  f l u t t e r  ca lcu la t ions .  Those 
papers t h a t  consider t h e  axisymmetric o s c i l l a t i o n s  lack information requi red  
t o  analyze t h e  complete vehic le ,  namely, (a) t h e  equations and coe f f i c i en t s  
t h a t  couple t h e  l i q u i d - s h e l l  system and t h e  s h e l l  support and pressur iza t ion  
systems, (b)  approximate equations s u i t a b l e  f o r  preliminary design ca lcu la-  
t i o n s ,  and ( c )  experimental v e r i f i c a t i o n  of t h e  a p p l i c a b i l i t y  of t h e  theory.  
The purpose of t h i s  r epor t  i s  t o  present  a method f o r  computing t h e  
response of a preloaded, t h i n  c i r c u l a r  c y l i n d r i c a l  s h e l l  p a r t i a l l y  f i l l e d  with 
a l i q u i d  and subjected t o  axial base displacements and appl ied  pressure f l u c -  
t ua t ions  i n  t h e  l i qu id - f r ee  s h e l l  space. A genera l  series so lu t ion  i s  
obtained f o r  t h e  n a t u r a l  frequencies of o s c i l l a t i o n  and normal modes. I n  
addi t ion,  a n  approximate one-term so lu t ion  appl icable  t o  very t h i n  s h e l l s  i s  
presented. The equations coupling t h e  motion of t h e  l i q u i d - s h e l l  system with 
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t h e  base and pressure f luc tua t ions  a r e  derived. 
made between t h e  two a n a l y t i c a l  so lu t ions  and experimental results. 
F ina l ly ,  a comparison i s  
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(33) 
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dimensionless s h e l l  thickness  
constant  def ined by equation (6b) 
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s h e l l  th ickness  
constant  def ined by equation (6a) 
dimensionless l i q u i d  depth - 
i n t e g r a t i o n  v a r i a b l e  
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' P  r a t i o  of she l l -mater ia l  and l i q u i d  d e n s i t i e s  
Poisson 's  r a t i o  f o r  s h e l l  material 
in t eg ra t ion  va r i ab le  
l i q u i d  mass densi ty  
she l l -ma te r i a l  mass density 
eigenvalue (frequency squared) 
R02P dimensionless form of 0 ,  0 -E 
ve loc i ty  p o t e n t i a l  funct ion 
modal func t ion  
displacement p o t e n t i a l  funct ion 
frequency of o s c i l l a t i o n  
ANALYSIS 
The l i q u i d - s h e l l  geometry and coordinate system-are shown i n  f i g u r e  1. 
The ana lys i s  i s  r e s t r i c t e d  t o  small ( l i n e a r )  displacements t h a t  are symmetric 
about t h e  axis of t h e  cy l inder .  The l i q u i d  i s  incompressible and inv i sc id  
and t h e  flow i r r o t a t i o n a l .  The l i q u i d  i s  bounded a t  t h e  bottom of t h e  cy l in -  
der by a r i g i d  f la t  surface,  a t  t h e  f r e e  sur face  by a l i g h t  (neg l ig ib l e  den- 
s i t y )  gas a t  pressure 
s h e l l  wall. The s h e l l  has simply supported boundaries and i s  preloaded with 
a constant a x i a l  s t r e s s .  Only t h e  r a d i a l  i n e r t i a  of t h e  s h e l l  i s  included i n  
t h e  ana lys i s .  All body forces  ac t ing  on t h e  l i q u i d  a r e  assumed to be zero; 
therefore ,  t h e  "sloshing" modes of t h e  free sur face  do not appear i n  t h e  math 
ematical  model. I n  general ,  t h e  body forces  may be excluded f r o m t h i s  type 
of ana lys i s  because of t h e  low frequency spectrum of t h e  sloshing modes 
r e l a t i v e  t o  t h e  l i q u i d  s h e l l  modes. 
p o ( t ) ,  and a t  t h e  cy l inder  sur face  by t h e  f l e x i b l e  
The ana lys i s  i s  divided i n t o  four  p a r t s :  (a) equations of motion of t h e  
l i qu id ,  (b)  coupling of t h e  she l l - l i qu id  equations,  ( c )  determination of natu- 
r a l  frequencies and modes of o s c i l l a t i o n ,  and (a) response of t h e  l i qu id - she l l  
system t o  displacement and pressure dis turbances.  
Equations of Motion of t h e  Liquid 
For i r r o t a t i o n a l  flow of an incompressible l i q u i d ,  t h e  ve loc i ty  p o t e n t i a l  
@ satisfies t h e  cont inui ty  equation ( r e f .  9) 
i n  t h e  reg ion  occupied by t h e  l i q u i d  ( 0  < x < h, 0 < R < R o )  . 
l i q u i d  displacements at t h e  s h e l l  axe d i r e c t l y  r e l a t e d  t o  t h e  s h e l l  w a l l  d i s -  
placements, it i s  convenient t o  use a displacement p o t e n t i a l ,  Y (where 
CI = a Y / a t ) ,  r a t h e r  than  t h e  ve loc i ty  p o t e n t i a l .  
monic func t ion  (e = 0 ) ,  Y 
Since t h e  
I n  add i t ion  t o  being a ha r -  
must s a t i s f y  t h e  following boundary condi t ions.  
On t h e  f r e e  su r face  (x  = h ) ,  t h e  pressure  i s  a prescr ibed func t ion  
[ p o ( t ) l  of t i m e  
where p i s  t h e  pressure  i n  t h e  l i q u i d  and p i s  t h e  l i q u i d  dens i ty .  
A t  t h e  s h e l l  bottom (x = 0 ) ,  t h e  l i q u i d  must have t h e  same axial motion 
[ u ( t )  1 as t h e  r i g i d  tank bottom 
The l i q u i d  adjacent  to t h e  s h e l l  w a l l  (R = Ro) m u s t  move r a d i a l l y  with 
t h e  tank w a l l  
= w ( x , t )  
where w(x,t) i s  t h e  she l l -wa l l  r a d i a l  displacement component. 
The displacement p o t e n t i a l  Y may be obtained by t h e  method of separa-  
t i o n  of va r i ab le s  appl ied  t o  t h e  cont inui ty  equation ( P Y  = 0 ) .  If t h e  a r b i -  
t r a r y  constants  r e s u l t i n g  from t h e  separa t ion  of va r i ab le s  axe chosen so t h a t  
boundary condi t ion equations (3) and (4)  are s a t i s f i e d ,  t h e  following func t ion  
i s  found 
5 
M 
where 
and Jo and Io a r e  Bessel  funct ions and modified Bessel  funct ions,  respec-  
t i v e l y ,  of t h e  first kind and zero order .  The a r b i t r a r y  funct ions of t i m e ,  
rn, may be used t o  s a t i s f y  t h e  remaining boundary condi t ion (eq.  ( 2 ) ) .  
The value of r n  may be determined i n  t h e  following manner. The func-  
t i o n  Y i s  s u b s t i t u t e d  from equation (5)  i n t o  t h e  f r e e  su r face  boundary con- 
d i t i o n  equation ( 2 ) .  
and in t eg ra t ed  from zero t o  
t i o n s ,  t h e  following expressions f o r  r, r e su l t '  
The r e s u l t i n g  equation i s  then mul t ip l ied  by RJo( GsR)dR 
Ro. A f t e r  t h e  appropr ia te  a lgeb ra i c  manipula- 
- -~ ~ 
'The de r iva t ion  of equations (7) and ( 8 )  i s  expedited by t h e  following 
i d e n t i t i e s  
(b) ,? G ( x , t ) s  dx = - 
0 
(a) Jh G(x,t)cosh 6sx dx = 6sh s" W(x,t)dx 
0 6sh 0 
6 
POW - -  
P 
f V(5,t)cosh CjSE d! 2 
Ro cosh 8,h 
g t )  = -  
The pressure i n  t h e  f l u i d  may now be expressed as a func t ion  of t h e  
she l l -wal l  displacement, t h e  f ree-sur face  pressure,  and t h e  axial motion of 
t h e  s h e l l  bottom: 
h - -  (R2 - 2x2)J Y(6,t)dE 
*m0 0 
P,(t) + -  P 
It i s  worthwhile t o  note t h a t  t h e  expression f o r  t h e  pressure does not 
depend on the  s h e l l  boundary condi t ions and, accordingly,  i s  appl icable  f o r  
t h e  ana lys i s  t h a t  includes any s h e l l  boundary condi t ions.  
(9) 
The l i q u i d  pressure,  q, ac t ing  on t h e  s h e l l  i s  obtained from 
(4 = P(X,RO,t) 
7 
I 
n=i 
1 + p p o ( t )  0 < x < h - -  
With t h e  dimensionless parameters, 
equation (10) may be rewritten 
8 
Equations of Motion of t h e  S h e l l  
If a c i r c u l a r  c y l i n d r i c a l  s h e l l  of uniform thickness ,  6, i s  subjected t o  
a constant  axial load,2 Nx, uniformly d i s t r i b u t e d  around t h e  circumference, 
and an a x i a l l y  symmetric su r face  load, q ( x , t ) ,  t h e  d i f f e r e n t i a l  equation f o r  
t h e  radial  de f l ec t ion  component w (ref. lo) i s  
a2w EE a 2 W  
12(1 - v 2 )  ax* ax R o  a t2  Nx + 7 w = -ps - 6 + q(x , t )  
E€? a4w - -  
where E, v ,  6, and ps 
th ickness ,  and densi ty  
are t h e  modulus of e l a s t i c i t y ,  Poisson 's  r a t i o ,  
of t h e  s h e l l  mater ia l .  
With t h e  dimensionless no ta t ion  
and q ( x , t )  from 
a4F P3 - -  
12(1 - v2)  aa4 
equation (12), t h e  s h e l l  equation may be wr i t t en  
- a2T7 + pw 
Nx aa' 
_ _  - _ _  - - -- _ _ ~  _ _  - - _.
2The value Nx i s  determined from t h e  s t a t i c  loading condi t ion,  t h a t  
i s ,  from any constant pressure  i n  t h e  s h e l l  p lus  a x i a l  loads appl ied  t o  t h e  
ends of t h e  s h e l l .  It i s  assumed t h a t  t h e  v a r i a t i o n  of a x i a l  loading r e s u l t -  
i n g  from 
Nx = cons tan t ) .  
p o ( t )  and u ( t )  produces neg l ig ib l e  v a r i a t i o n s  of Nx ( i . e . ,  
9 
where 
For simply supported boundary conditions,  t h e  s h e l l  displacement and i t s  
Clerivatives must s a t i s f y  t h e  following equations : 
F(O) = P(O) = F(e )  = ?'(e) = o (16) 
where 
Shell-Liquid N a t u r a l  Requencies  and Modes of Osc i l l a t ion  
The she l l -wa l l  response t o  base displacements and pressure f luc tua t ions  
i s  t h e  func t ion  W which s a t i s f i e s  equations (15) and (16) p lus  t h e  i n i t i a l  
condi t ions.  This response, which can be used t o  evalua te  t h e  des i red  cou- 
p l ing  c h a r a c t e r i s t i c s  i s  obtained i n  t h e  following manner- F i r s t ,  a series 
so lu t ion  f o r  t h e  homogeneous pa r t  of equation (15) (p, = Ti = 0) w i l l  be 
obtained by assuming t h a t  t h e  t ime v a r i a t i o n  of W i s  proport ional  to 
e x p ( i 6  t ) .  
used i n  computing t h e  response 
t h e  nonhomogeneous eq. (1.5)). I n  t h i s  manner, l e t  
This w i l l  r e s u l t  i n  a set of eigenfunctions (&(a) t h a t  can be 
po and U ( i . e . ,  F(u,t) to t h e  dis turbances 
and s u b s t i t u t e  i n t o  equation (15) .  
a r e  obtained by multiplying t h e  r e s u l t i n g  equation by sin(mfi/e)cc du and 
in t eg ra t ing  from zero t o  e .  The following set of simultaneous equations 
r e s u l t s  : 
The equations f o r  t h e  coe f f i c i en t s  s j  
10 
k D 
m = 1, 2, 3 ,  . . ., w (18) 
11 
.. . - _ _  .... ... ..... . .._.-_... .. .. 
I II I I 1  1111l11l11ll111 Il111l1l 
With t h e  d e f i n i t i o n s  - 
A, = (J: s i n  e m7c a cosh ysa 
h E s i n  E a cos e a da Brdk = s, e 
da 
E m a  D~ = Jo u2 s i n  7 
j7ca 
~j = s,' a s i n   da 
1 
y s  tanh y s c  
Rs = 
u = -  
E 
equation (18) can be s impl i f i ed  to 
12 
The simultaneous equations (20) are homogeneous and the re fo re  have a non- 
t r i v i a l  so lu t ion  only i f  t h e  determinant of t h e  coe f f i c i en t s  of s -  vanish.  
This provides t h e  eigenvalue problem f o r  t h e  eigenvalues os 
responding eigenfunctions 
- and $he cor-  
SjS which, i n  tu rn ,  l ead  to t h e  modal funct ions 
(PS 
The n a t u r a l  frequency of o s c i l l a t i o n  of t h e  mode cps i s  r e l a t e d  t o  Ts 
by 
where us i s  i n  rad ians  per  un i t  t ime. 
Response t o  Pressure and Displacement Fluctuat ions 
With t h e  a i d  of t h e  modal funct iocs  obtained i n  t h e  previous sect ion,  
t h e  solution t o  equation (15) may be expressed as 
where an i s  as y e t  an  undetermined funct ion of t i m e .  The d i f f e r e n t i a l  
equations f o r  evaluat ing a a r e  obtained by s u b s t i t u t i n g  w from equa- 
t i o n  (23) i n t o  equation (157, multiplying t h e  r e s u l t l n g  equation by qm(U)dU, 
and in t eg ra t ing  from zero  t o  e,  which produces 
- 
II I I Ill 
With t h e  a i d  of equations (15) and (16) and t h e  p rope r t i e s  of t h e  eigen- 
funct ions of t h e  previous sec t ion ,  t h e  following orthogonality r e l a t i o n s h i p s  
can be derived: 
14 
and 
The d i f f e r e n t i a l  equation f o r  a n ( t )  (eq .  (24) )  may be s impl i f i ed  t o  
where 
- 
If t h e  dis turbances u and Po 
r e a d i l y  obtained from equations (23) and (28 ) .  
s h e l l  system and t h e  she l l - suppor t  system requ i r e s ,  i n  addi t ion ,  t h e  axial  
f o r c e  a c t i n g  on t h e  bottom of t h e  s h e l l .  The pressure  i n  t h e  f l u i d  as a func- 
t i o n  of an i s  obtained by t h e  s u b s t i t u t i o n  of W from equation (23) i n t o  
t h e  pressure  equation (9 ) .  
are prescr ibed,  t h e  s h e l l  response i s  
The coupling of t h e  l i q u i d -  
(31) 
The t o t a l  force ,  P, a c t i n g  on t h e  bottom of t h e  s h e l l  i s  
t h e  i n t e g r a l  i s  over t h e  a r e a  of t h e  s h e l l  bottom; therefoke,  
1 p(o,E,t)dA, where 
1 1 P = pnRo 2z,pxp + 7 p o ( t )  + &(t) PRO p=l 
where 
The coupling of t h e  l i q u i d - s h e l l  system and t h e  shel l -support  and pressur iza-  
t i o n  system i s  thus  provided by equations (28) and (32) .  
Z1, Z2, and 23 
follow . 
The c o e f f i c i e n t s  
w i l l  be c a l l e d  "coupling coe f f i c i en t s "  i n  t h e  discussion t o  
16 
Approximate so lu t ion  ( t h i n  s h e l l s ) .  - The complexity of t h e  frequency 
equation and coupling c o e f f i c i e n t s  i n  t h e  previous sec t ions  mkes  t h a t  so lu-  
t i o n  una t t r ac t ive  f o r  preliminary design or analys is  of a system. Since most 
l i q u i d - s h e l l  systems used i n  missile and spacecraf t  construct ion have very 
t h i n  w a l l  s h e l l s ,  an  approximate membrane so lu t ion  of respec tab le  accuracy can 
be expected. For t h i n  s h e l l s  subjected t o  loading t h a t  changes only gradual ly  
over t h e  s h e l l  surface,  t h e  bending r i g i d i t y  may be neglected i n  t h e  i n t e r i o r  
of t h e  s h e l l .  I n  addi t ion,  for t h e  l i q u i d - s h e l l  system under consideration, 
t h e  s h e l l  boundary condi t ions (eq.  (16)) m y  a l s o  be neglected s ince  t h e i r  
inf luence i s  loca l i zed  near t h e  boundary. 
A displacement p o t e n t i a l  s a t i s f y i n g  t h e  f l u i d  boundary conditions 
equations ( 2 ) ,  ( 3 ) ,  and (4) i s  
where 
Note t h a t  pk, as defined by equation (6b ' ) ,  d i f f e r s  from t h e  Bk of equa- 
t i o n  (6b) .  
d e f i n i t i o n  of P r e s u l t s  from t h e  r e l axa t ion  of t h e  boundary conditions on 
t h e  s h e l l  and t h e  lack of s h e l l  bending r i g i d i t y ,  t h a t  i s ,  t h e  displacement w 
a t  x = 0, i s  not requi red  to be zero and, i n  addi t ion ,  it i s  known a p r i o r i  
t h a t  t h e  s h e l l  displacement, w, w i l l  be  zero at t h e  f r e e  surface (x = h ) .  
The s impl i f i ca t ion  of t h e  displacement p o t e n t i a l  and thus  t h e  new 
The pressure i n  t h e  l i q u i d  i s  
L 
and t h e  surface loading q ( x , t )  011 t h e  s h e l l  i s  
I 2 .. q(u,;) = (a - €)ti - 3 p o ( t )  
k=1 (k - PRO 
The equation for t h e  she l l -wal l  displacement 
r i g i d i t y )  i s  
W (neglect ing s h e l l  bending 
2 
po( t )  - (a - €)E - 
137 
- a2w -N -
k=i  (k - $)fi I$(k - 5) ;] 
The frequency equation i s  obtained by s u b s t i t u t i n g  
- w = s cos[(j - i)x :]exp(ifi t )  
3 
- i n t o  t h e  homogeneous p a r t  of equation (15') ( i . e . ,  po = u = 0) 
o r  
iix[(j - g) $I2 + P 
(17') 
The frequency equation i s  thus  reduced to a s i n g l e  equation as opposed to t h e  
i n f i n i t e  determinant of t h e  previous so lu t ion  where t h e  s h e l l  boundary 
conditions were inc  luded. 
The response of t h e  s h e l l  w a l l  can be expressed i n  terms of t h e  modal 
funct ions q j  = cos[(j - $fi :] as 
The equations for an a r e  obtained by s u b s t i t u t i o n  of E f r o m  equation (23')  
i n t o  equation (l5'), mul t ip l i ca t ion  of t h e  r e s u l t i n g  equation by 
cos[(m - $)fis]da and i n t e g r a t i o n  over t h e  interval  zero to E 
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where 
The t o t a l  f o r c e  on t h e  s h e l l  bottom P = . .  y p ( O , g , t ) g  a & i s  
0 0  
1 1 2z,psip + 2p o ( t )  + &(t) PRO P = pj-rR0 (32') 
where 
1 z,p = - 
[(p - i) q (33') 
The frequency equation and coupling c o e f f i c i e n t s  of t h i s  approximate 
so lu t ion  a r e  obviously more t r a c t a b l e  than  those  of t h e  s e r i e s  so lu t ion .  The 
accuracy and a p p l i c a b i l i t y  of t h e  two so lu t ions  w i l l  be discussed f u r t h e r  i n  
t h e  succeeding sec t ions .  
COMPARISON O F  SERIES AND APPROXIMATE SOLUTIONS 
This s ec t ion  presents  t h e  r e s u l t s  of a b r i e f  numerical i nves t iga t ion  
designed t o  i l l u s t r a t e  t h e  convergence of t h e  s e r i e s  s o l u t i o n  and t o  compare 
t h e  s e r i e s  and approximate so lu t ions .  
s o l u t i o n  with increas ing  s i z e  of t h e  frequency determinant i s  i l l u s t r a t e d  and 
compared with t h e  approximate so lu t ion .  N e x t ,  t h e  convergence of t h e  s e r i e s  
so lu t ion  with increasing s h e l l  thickness- to-radius  r a t i o  i s  considered, and, 
f i n a l l y ,  t h e  mode shapes and coupling c o e f f i c i e n t s  from t h e  two so lu t ions  a r e  
compared. 
w e r e  s e l ec t ed  fo r  t h e  examples s ince  t h e  s e r i e s  s o l u t i o n  rate of convergence 
(with frequency determinant s i z e )  should be slowest i n  t h e s e  ins tances .  The 
following d iscuss ion  i s  l i m i t e d  to t h e  f irst  ( lowest)  two frequencies s ince  
F i r s t ,  t h e  convergence of t h e  s e r i e s  
S h e l l s  with l a r g e  rad ius  -to-thickness r a t i o s  (i. e . ,  t h i n  s h e l l s )  
t hese  are general ly  of primary concern t o  t h e  ana lys t .  The accuracy of t h e  
two so lu t ions  (as compared with experiment) w i l l  be discussed i n  t h e  next 
sec t ion .  
Frequency Parameters 
The series so lu t ion  frequency equation (determinant of coe f f i c i en t s  
of eq. (20) equated t o  zero) w a s  approximated with var ious numbers of rows 
(m) and columns ( j )  (tu = j )  f o r  a l i q u i d - s h e l l  system with t h e  following 
proper t ies  : 
e = 2 .4  
E = 2.0 
- 
Nx = 0 . 2 8 6 ~ 1 0 - ~  
v = 0.3  
u = 8.6 
P = 0.00044, 0.044 
The eigenvalues and eigenvectors of t h e  r e s u l t i n g  frequency equation 
were obtained with t h e  a i d  of a d ig i ta l -  computer using t h e  threshold Jacobi  
eigenvalue rou t ine .  The v a r i a t i o n  of frequency parameter with determinant 
s i z e  i s  shown graphica l ly  i n  f i g u r e  2 .  The f i rs t  and second mode frequency 
parameters (F /p )  a r e  shown f o r  two values  of s h e l l  thickness- to-radius  r a t i o  
( p ) .  
nant i s  increased from M = 11 t o  m = 1-3 and, correspondingly, t h e  per turba-  
t i o n  of t h e  f irst  mode frequency parameter p lo t  i s  s l i g h t  (almost undetectable 
i n  t h e  f igu re )  i n  t h e  same region.  
t h a t  t h i s  d i scont inui ty  i s  possibly a r e s u l t  of convergence t o  an " incorrect"  
second mode ( i . e . ,  lack of s u f f i c i e n t  terms i n  t h e  s e r i e s  t o  adequately 
descr ibe  t h e  second mode) i f  m < 13. 
Note t h a t  t h e  second mode frequency "jumps" as t h e  s i z e  of t h e  determi- 
Examination of t h e  mode shapes revea ls  
For t h e  th inner  s h e l l s  ( P  = 0.00044) t h e  grad ien t  of t h e  she l l -wal l  d i s -  
placement should be very l a r g e  i n  t h e  v i c i n i t y  of t h e  s h e l l  bottom and, t h e r e -  
fo re ,  a slow convergence of t h e  mode shape and frequency would be expected 
(due t o  t h e  behavior of t h e  s i n e  series so lu t ion  fo r  
thickness  i s  increased, t h e  convergence should improve. This i s  borne out 
by t h e  frequency parameter p l o t  ( f i g .  2) f o r  t h e  s h e l l  100 times t h e  thickness  
(/3 = 0.04) of t h e  th inner  s h e l l .  The approximate so lu t ion  f o r  t h e  two s h e l l s  
i s  shown i n  f i g u r e  3. Note t h a t  f o r  t h e  th inner  s h e l l  t h e  d i f fe rence  between 
t h e  two so lu t ions  i s  less than  2 percent f o r  t h e  f i r s t  mode and 6 percent f o r  
t h e  second mode. 
between t h e  s e r i e s  and approximate so lu t ion  frequency parameter i s  less than  
5 percent f o r  t h e  f irst  and second modes. 
a = 0 ) .  A s  t h e  s h e l l  
Even f o r  t h e  th icker  s h e l l  ( P  = 0.04) t h e  discrepancy 
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MODE SHAPES 
The mode shapes corresponding t o  t h e  previous s h e l l  parameters are shown 
(The results f o r  t h e  approximate so lu t ion  are indis t inguishable  i n  f i g u r e  3. 
f o r  p = 0.044, p = 0.00044.) Here again t h e  improvement of convergence of 
t h e  series so lu t ion  with increasing s h e l l  thickness  i s  demonstrated. The 
f irst  mode shape is ,  i n  f a c t ,  probably b e t t e r  represented by t h e  approximate 
so lu t ion  than  by t h e  series so lu t ion  f o r  u > 0 .  
Coupling Coefficients 
The natural frequencies and coupling coe f f i c i en t s  a r e  or primary impor- 
tance  i n  t h e  ana lys i s  of t h e  l i q u i d - s h e l l  system. The coupling coe f f i c i en t s  
for t h e  two s h e l l s  under discussion are p lo t t ed  i n  f i g u r e  4 as funct ions of 
frequency determinant s i z e .  
ind is t inguishable  f o r  p = 0.044, P = 0.00044.) 
percent discrepancy ( l e s s  t han  6 percent except f o r  
and approximate so lu t ions  f o r  t h e  th inner  s h e l l  and t h e  only s l i g h t l y  
increased discrepancy f o r  t h e  th i cke r  s h e l l .  
(The r e s u l t s  for t h e  approximate so lu t ion  are 
Note t h e  r e l a t i v e l y  small 
Z22) between t h e  series 
This  r a t h e r  l imi ted  numerical inves t iga t ion  ind ica t e s  t h a t  t h e  conver - 
gence of t h e  s e r i e s  so lu t ion  can be expected t o  be good even f o r  t h i n  s h e l l s  
and t h a t  t h e  approximate and s e r i e s  so lu t ions  d i f f e r  by small percentages for 
t h i n  s h e l l s  and are ,  therefore ,  almost equally appl icable .  As t h e  s h e l l  
th ickness  increases  ( p  i nc reases ) ,  t h e  discrepancy between t h e  two so lu t ions  
increases  and t h e  convergence and a p p l i c a b i l i t y  of t h e  series so lu t ion  improve 
correspondingly. 
EXPERIME'NTAL OBJECTIVES 
The experimental work was conducted t o  determine t h e  dynamic proper t ies  
of very t h i n  l i q u i d - f i l l e d  c y l i n d r i c a l  tanks subjected t o  a x i a l  v ibra t ion .  
The s p e c i f i c  object ives  were : 
1. To determine t h e  fundamental na tu ra l  frequency of axisymmetric 
motion and t h e  na tu ra l  frequency of as many higher modes as f e a s i b l e  f o r  
var ious l i q u i d  l e v e l s  and i n t e r n a l  pressures ,  
2 .  To determine t h e  frequency response curve f o r  t h e  fundamental axi- 
symmetric mode ind ica t ing  t h e  r a t i o  of i n t e r n a l  pressure  at  tank  bottom t o  
tank  base acce le ra t ion  versus  dr iv ing  frequency, 
3. To i d e n t i f y  t h e  asymmetric modes of v ib ra t ion  a t  several values of 
i n t e r n a l  pressure and water level. This w a s  done pr imari ly  t o  a i d  i n  d i s -  
t inguish ing  t h e  symmetric modes from t h e  asymmetric modes. 
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T e s t  Specimens 
The t e s t  specimens used i n  t h i s  study a r e  shown i n  f i g u r e  5.  The f i rs t  
specimen was a 5-inch-diameter, 6-inch-long, 0.001-inch-thick brass  s h i m  s tock 
tank which was later replaced by a 0.0007-inch-thick electrodeposi ted n icke l  
tank of t h e  same dimensions. 
0.001-inch-thick brass  shim stock tank was us.ed i n  t h e  f i n a l  phase of testing. 
The specimen s i z e  and thickness  a f f ec t ed  t h e  choice of tes t  apparatus and 
equipment. 
s e l ec t ing  specimen and apparatus p rope r t i e s .  
An Il-1/2-inch-diameter7 23-1/2-inch-longJ 
The following f a c t o r s  were given primary considerat ion i n  
1. Very t h i n  tanks a r e  d i f f i c u l t  to manufacture and handle, but have 
lower na tu ra l  frequencies for a given tank s i z e ,  or f o r  a given n a t u r a l  
frequency, t h e  tank s i z e  i s  smaller. 
2 .  A l a r g e  tank s i z e  requi res  a l a rge r  shaker and support f i x t u r e ,  
r e s u l t i n g  i n  lower frequency e l a s t i c  modes within t h e  shaker -fixture system. 
3. A l a r g e  t h i n  tank with t h e  r e s u l t i n g  lower na tu ra l  frequency and 
higher mass permits b e t t e r  cont ro l  of acce le ra t ion  l e v e l  and waveform at low 
acce lera t ion  levels. 
4. A l a rge  t h i n  tank has a low burs t  pressure;  hence, permissible  
acce le ra t ion  l e v e l s  a r e  low. 
5 .  A low-frequency t e s t  range provides a b e t t e r  acce lera t ion  waveform 
from t h e  shaker and l e s s  d i s t o r t i o n  of t h e  waveform due to shaker-f ixture  
dynamics. 
The l l- l /2-inch-diameter specimen w a s  s e l ec t ed  as t h e  bes t  t r a d e  off 
among t h e  above f a c t o r s .  The smaller tanks used i n  e a r l i e r  t e s t s  were eas i e r  
to f a b r i c a t e  and were intended as preliminary models t o  ind ica t e  problem 
areas  i n  t e s t i n g  technique and da ta  qua l i t y .  
A s  shown i n  f i g u r e  5, t h e  specimens were constructed with t h i c k  end 
f langes so  t h a t  they could be a t tached  to a base p l a t e  and f i t t e d  with a l i d .  
The cy l ind r i ca l  s h e l l  w a s  soldered d i r e c t l y  to t h e  end f langes,  providing 
e s s e n t i a l l y  a "bu i l t  in"  end condition, s ince  it w a s  not f e a s i b l e  or necessary 
to simulate  t h e  "pinned" end condi t ion assumed i n  t h e  ana lys i s  f o r  such a 
t h i n  s h e l l .  The base p l a t e s  were designed t o  support t h e  tank on t h e  v ib ra -  
t i o n  f i x t u r e ,  to provide a pressure sea l ,  and to car ry  pressure c e l l s .  The 
l i d s  a l s o  served as pressure seals, and means f o r  f i l l i n g  and pressur iz ing  
t h e  tank.  
T e s t  Apparatus 
The general  arrangement of t h e  t e s t  apparatus i s  shown i n  f i g u r e  6. 
electrodynamic shaker dr iving a hydraulic " s l i p  t ab le"  produced t h e  unidirec - 
t i o n  s inusoida l  motion of t h e  specimen. The tank w a s  pressurized with a shop 
air  supply through a mercury manometer. Before t h e  tank was pressurized,  t h e  
An 
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water level w a s  measured with a water manometer connected t o  t h e  t ank  base. 
The weight of t h e  support fixture, t h e  moving element of t h e  s l i p  t ab le ,  and 
the  specimen w e r e  counterbalanced by means of a hanging weight and pul ley 
arrangement using e las t ic  "bungee" cord t o  i s o l a t e  fixture motion from t h e  
weight. 
Instrument at ion 
The instrumentation arrangement i s  shown i n  f i g u r e  7 .  A d i f f e r e n t i a l  
pressure c e l l  i n  t h e  cen te r  of t h e  tank base p l a t e  sensed t h e  d i f f e rence  
between pressures  at t h e  bottom of t h e  l i q u i d  and t h e  a i r space  above t h e  
water. Two accelerometers at t h e  tank base provided s igna l s  f o r  con t ro l l i ng  
shaker amplitude and f o r  measuring base acce le ra t ion .  The use of dual accel- 
erometers eliminated any i n t e r a c t i o n  problem between t h e  recording instruments 
and t h e  shaker servo-control c i r c u i t .  L a t e r a l  motion of t h e  tank wall w a s  
detected by capac i t i ve  type  noncontacting displacement probes. These probes 
were at tached t o  an overhead mounting f ixture  t h a t  provided a x i a l  and r o t a r y  
movement of t h e  probes t o  any point  on the  tank surface. 
Pr oc edur e 
The t e s t  procedure w a s  e s s e n t i a l l y  t h e  same f o r  a l l  specimens. F i r s t ,  
t h e  frequency of l ong i tud ina l  motion w a s  swept from 50 t o  1200 cps f o r  t h e  
5-inch-diameter tanks and from 50 t o  500 cps f o r  t he  11-1/2-inch-diameter t ank  
f o r  a number of water levels .  These sweeps w e r e  intended t o  l o c a t e  and iden- 
t i f y  as many system modes as poss ib l e .  The acce le ra t ion  level  w a s  v a r i e d  i n i -  
t i a l l y  t o  determine, by t r i a l  and e r r o r ,  a level  f o r  which subharmonic surface 
resononce and l i q u i d  su r face  i n s t a b i l i t i e s  ( r e f .  11) produced minimum d i s t o r -  
t i o n  of acce le ra t ion  and pressure s i g n a l s .  The upper l i m i t  of t h e  acce le ra -  
t i o n  l e v e l  w a s  of course determined by t h e  requirement t h a t  peak pressures  
encountered a t  symmetric mode resonance be below t h e  tank y i e l d  pressure.  
The amplitudes of base accelerat ion,  center  pressure,  and t o p  acce le ra -  
t i o n ,  as w e l l  as phase angle r e l a t i v e  t o  base acce le ra t ion ,  were recorded 
during each frequency sweep. Frequency sweeps were made f o r  various values  
of i n t e r n a l  pressure up t o  1 . 5  p s i  f o r  t h e  l a r g e  t ank  and 4 p s i  f o r  t h e  s m a l l  
tanks, and f o r  var ious w a t e r  l e v e l s  from empty t o  f u l l .  Asymmetric modes 
were i d e n t i f i e d  by r o t a t i n g  t h e  displacement probes around the  tank and noting 
t h e  v a r i a t i o n  of wall motion amplitude as a funct ion of angular p o s i t i o n  of 
the probe while frequency and base acce le ra t ion  amplitude remained constant .  
These modes are e a s i l y  i d e n t i f i e d  s ince  they c h a r a c t e r i s t i c a l l y  exh ib i t  an 
even number of peaks of radial displacement amplitude i n  360° of r o t a t i o n .  
F i r s t  symmetric mode frequency response data were obtained by sweeping 
t h e  e x c i t a t i o n  frequency a t  a constant acce le ra t ion  and observing base acce l -  
e r a t i o n  and pressure amplitudes. The response curve f o r  t h e  5-inch-diameter 
tank was taken f o r  t h e  near ly  f u l l  condi t ion (approximately 1 /2  inch below 
t h e  tank l i d ) ,  while t h e  half f u l l  condi t ion w a s  used f o r  t h e  l l-1/2-inch- 
diameter tank .  
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The f irst  symmetric mode frequency i s  p l o t t e d  i n  f i g u r e  8 as a funct ion 
of water level f o r  3.0 ps ig  i n t e r n a l  pressure  f o r  t h e  5-inch-diameter n icke l  
tank .  Figure 9 i s  a s imi l a r  plot  f o r  t h e  l l- l /2-inch-diameter tank with 1.0 
ps ig  i n t e r n a l  pressure .  I n  both f igures ,  t h e  t h e o r e t i c a l l y  predicted curves 
are shown f o r  comparison. Figure 10 i s  a p l o t  of t h e  f i rs t  symmetric mode 
frequency as a func t ion  of i n t e r n a l  pressure f o r  t h e  5-inch-diameter tank 
near ly  f u l l  (approximately 1/2 inch of a i r space  above t h e  water). 
The experimental frequency response curves f o r  t h e  5-inch-diameter and 
ll-1/2-inch-diameter tanks,  respec t ive ly ,  a r e  shown i n  f igu res  11 and 12. 
These curves show t h e  r a t i o  of pressure amplitudes a t  t h e  center  of t h e  tank 
base to base acce le ra t ion  as a funct ion of dr iv ing  frequency. For t h e  ?-inch 
tank, t h e  near ly  ful l  condi t ion with 3.0 ps ig  i n t e r n a l  pressure w a s  chosen, 
while a 12-inch water level and 1.0 ps ig  i n t e r n a l  pressure w a s  used f o r  t h e  
ll-1/2-inch-diameter tank response curve. 
na l  pressure,  and acce le ra t ion  l e v e l  were chosen to y i e l d  t h e  bes t  da ta .  
Test  conditions w e r e  s e l ec t ed  by t r ia l  and e r ro r  to obta in  t h e  s e t  of condi- 
t i o n s  where acce le ra t ion  and pressure waveforms showed t h e  least d i s t o r t i o n  
from subharmonic sur face  resonance, l i q u i d  surface i n s t a b i l i t i e s ,  asymmetric 
breathing modes, and shaker -fixture dynamics. The extent  of d i s t o r t i o n  
appeared unpredictable,  but c e r t a i n  combinations of t es t  conditions y ie lded  
b e t t e r  waveforms than  o the r s .  
I n  e i t h e r  case,  water l eve l ,  i n t e r -  
These d i s t o r t i o n s  were c l e a r l y  caused, i n  pa r t ,  by t h e  subharmonic 
l i q u i d  sur face  resonance and c a p i l l a r y  wave formation associated with breath-  
ing modes as repor ted  by Kana, Lindholm, and Abramson ( r e f .  11). 
reported t h a t ,  at  c e r t a i n  acce le ra t ion  l eve l s ,  a jump phenomenon caused a 
sudden change i n  breathing mode response amplitude when t h e  n a t u r a l  frequency 
was approached from below. The beat phenomenon ( ref .  11) t h a t  involved a low 
frequency amplitude modulation of t h e  pressure and r a d i a l  w a l l  displacement 
s igna ls  was a l s o  observed a t  c e r t a i n  f requencies .  This amplitude modulation 
was always accompanied by a la rge ,  v i s i b l e  l i q u i d  sur face  motion and a modu- 
l a t i o n  of t h e  audible  energy from t h e  tank w a l l ,  both a t  t h e  same frequency. 
No attempt w a s  made to study these  phenomena quan t i t a t ive ly  because t h e  t e s t  
apparatus was inadequate f o r  such an  ana lys i s  and they were not important to 
t h e  purpose of t h e  present  study. 
They a l s o  
The frequency spectrum of t h e  most predominant asymmetric breathing 
modes f o r  t h e  5-inch-diameter brass  tank i s  p l o t t e d  i n  f i g u r e  13. These 
modes were i d e n t i f i e d  to determine when they were l i k e l y  to d i s t o r t  t h e  
symmetric mode response.  
Discuss ion of Experimental Resul ts  
The comparison of experimental and a n a l y t i c a l  frequency versus water 
l e v e l  curves ( f i g .  8) ind ica tes  agreement biithin 10 percent f o r  water l e v e l s  
above 2 inches.  Below t h e  2-inch water l eve l ,  however, t h e  experimental 
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l values  of fundamental frequency P d ic t ed .  For water levels above me as much as 16 percent higher than  pre-  3 -1/2 inches, both fundamental and second 
mode data agree with pred ic ted  values  within 2 percent .  
The comparison of pred ic ted  and experimental frequency versus water 
l e v e l  curves f o r  t h e  11-1/2 -inch d i ame te r  tank ( f i g  . 9) ind ica t e s  agreement 
within 5 percent f o r  a l l  data obtained. 
were not obtained because t h e  test  specimen ruptured acc identa l ly  a t  t h a t  
po in t .  Attempts to l o c a t e  t h e  fundamental frequency at  water l e v e l s  below 
4 inches w e r e  unsuccessful because t h e  d i s t o r t i o n  of both acce le ra t ion  and 
pressure s igna l s  w a s  high throughout t h e  frequency spectrum. 
new specimen at higher water l e v e l s  was discontinued s ince  t h e  da t a  of both 
f igu res  8 and 9 i nd ica t edve ry  good agreement between p red ic t ion  and experiment 
at higher water l e v e l s .  
Data f o r  water levels above 1 4  inches 
Test ing with a 
The measured v a r i a t i o n  of fundamental na tu ra l  frequency with i n t e r n a l  
pressure ( f i g .  10) ind ica t e s  a frequency change of approximately 2 percent as 
t h e  pressure va r i e s  from 1 to 4 psi,which agrees with t h e  t h e o r e t i c a l  result 
t h a t  frequency i s  e s s e n t i a l l y  independent of i n t e r n a l  pressure ( see  eq. (20 ' ) ) .  
D a t a  from t h e  o ther  two specimens a l s o  ind ica t e  t h a t  frequency i s  e s s e n t i a l l y  
independent of i n t e r n a l  pressure .  
The frequency response curves of f igu res  11 and 1 2  ind ica t e  t h a t  t h e  t es t  
system behaves e s s e n t i a l l y  as a l i n e a r  single-degree-of -freedom system near 
t h e  fundamental frequency. The ampl i f ica t ion  f a c t o r  was not ca lcu la ted  s ince  
no attempt w a s  made t o  assess  system damping. 
The na tu ra l  f requencies  of symmetric modes of t h e  l iqu id- tank  system 
were d i f f i c u l t  to determine pr imari ly  because of t h e  presence of other  phe- 
nomena ( ref .  11) t h a t  d i s t o r t e d  t h e  symmetric mode motion. The exc i t a t ion  Of 
asymmetric tank breathing modes a t  frequencies very near symmetric mode f r e -  
quencies was almost unavoidable p a r t l y  because these  breathing modes a r e  
capable of subharmonic exc i t a t ion .  Large amplitude breathing mode motion at 
1/2 and 1/3 harmonics w a s  not uncommon and it i s  suspected t h a t  even lower 
harmonics were present  although they could not be c l e a r l y  i d e n t i f i e d .  The 
f a c t  t h a t  breathing mode frequencies  vary with pressure,  however, while t h e  
symmetric mode frequencies  a r e  e s s e n t i a l l y  independent of pressure provided a 
means of i s o l a t i n g  t h e  symmetric modes. Another phenomenon t h a t  caused d i f f i -  
c u l t  y , primari ly  i n  attempt i ng t o e s t a b l i s h  pr ec i s  e pres  s ur e -t o -ac c e l e r  at ion  - 
amplitude r a t i o s ,  w a s  t h e  frequency modulation of symmetric mode motion a t  
t h e  same frequency as some low frequency l i q u i d  sur face  mode. This phenom- 
enon was more pronounced at higher acce lera t ion  l e v e l s  and r e s u l t e d  i n  l a r g e  
sur face  motions. A d i f f i c u l t y  which a rose  f r o m t h e  tes t  apparatus configura- 
t i o n  was t h a t  of producing a pure s inusoida l  a x i a l  motion of t h e  tank base as 
a r i g i d  p l a t e .  This became impossible at higher t es t  f requencies  where the  
inev i t ab le  deformations of t h e  base undoubtedly exc i ted  unwanted system modes. 
A s  mentioned earlier, t h i s  problem would be d i f f i c u l t  to remedy because, even 
though l a r g e r  tanks have lower frequencies ,  base f l e x i b i l i t y  a l s o  increases  
with tank s i z e .  
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CONCLUDING REMARKS 
A comparison of t h e  two t h e o r e t i c a l  so lu t ions  demonstrated t h a t  t h e  
series and one-term approximate so lu t ions  are equal ly  appl icable  f o r  t h i n  
s h e l l s ;  however, t h e  ease of app l i ca t ion  of t h e  approximate so lu t ion  warrants 
i t s  use.  A s  t h e  s h e l l  thickness- to-radius  r a t i o  becomes l a rge r ,  t h e  s e r i e s  
so lu t ion  converges more r ap id ly  while t h e  accuracy of t h e  approximate 
so lu t ion  de te r io ra t e s .  
The experimental r e s u l t s  of t h i s  study ind ica t e  t h a t  t h e  theory does, i n  
f a c t ,  provide a good mathematical model f o r  t h i n  s h e l l s  f i l l e d  with l i q u i d .  
The bes t  agreement between theory and experiment w a s  obtained f o r  l i q u i d  
depths g rea t e r  than  t h e  radius  of t h e  s h e l l ,  ind ica t ing  t h a t  sur face  dynamics 
should be included f o r  lower l i q u i d  l e v e l s .  
It should not be overlooked t h a t  t h i s  study attempts to explain only one 
of t h e  physical  phenomena assoc ia ted  with t h e  v ib ra t ion  of l i q u i d  f i l l e d  
e l a s t i c  tanks subjected to axial exc i t a t ions .  I n  f a c t ,  as demonstrated i n  
t h e  experimental phase, it i s  o f t en  d i f f i c u l t  to i s o l a t e  t h i s  p a r t i c u l a r  phe- 
nomenon. This ana lys i s  i s  useful,however, i n  problems where t h e  primary con- 
cern  i s  t h e  fo rce  t ransmi t ted  across  t h e  tank bottom ( i . e . ,  longi tudina l  
dynamics of a miss i le )  and not t h e  l o c a l  motion of t h e  f l u i d  flow ( s losh ing ) .  
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